In this paper the steady Von Kármán flow of incompressible fluid in which the Hall effect exists is analyzed over the infinite rotating disk with additional assumptions: the uniform magnetic field applied normally to the disk and the radial electric field imposed to the disk. Therefore, the stability equations and energy equation have been modified in the presence of Hall effect, uniform magnetic field and radial electric field. The system of equations generated by stability and energy equations has been solved using Chebyshev collocation technique for varying values of Hall parameters, magnetic interaction and radial electric parameters. Accuracy of the method is verified comparing results in the literature. Effects of parameters are depicted graphically and are analyzed.
Introduction
Rotating disk flow has been extensively studied in the literature. An interesting problem from both engineering and mathematical point of view has been investigated for the last half of the century using experimental, analytical and numerical means. Rotating disk flows are important in many applications such as turbomachinery, oceanography, computer storage devices, nuclear reactors, lubrication, and so on.
Von Kármán [13] has carried out the pioneering study of fluid flow, triggered further studies, many explanations are initiated on infinite rotating disk. Cochran [7] and Benton [5] have considered by Kármán [13] , they investigated the steady motion of an incompressible viscous fluid. The effect of uniform magnetic field on the flow over a rotating infinite disk has been studied by many researchers [8] , [12] , [19] , [20] , [22] , [23] , [24] , [25] . Hall effect has been taken into consideration in some of the works in the literature. To the best of our knowledge Attia [2] has initiated in his studies examining Hall effect on the flow over a infinite rotating disk. The study has been followed by Attia & Aboul-Hassan [1] , and Siddiqui, Rana & Naseer [19] . The case without Hall effect on the rotating infinite disk has been investigated [4] , [6] , [8] , [9] , [12] , [14] , [15] , [16] , [19] , [20] , [21] , [22] , [23] , [24] , [25] .
Millsaps & Pohlhausen [15] have considered the heat transfer problem on the rotating infinite disk. After their work, the heat transfer on a flat plate was analyzed by Sparrow & Gregg [21] for Prandtl numbers. Sparrow & Cess [20] , Riley [16] , Kumar & Thacker & Watson[14] studied the effects of magnetic field to the heat transfer over a infinite rotating disk. Finally, effects of the uniform radial electric field on the MHD heat and fluid flow due to a rotating disk was investigated by Turkyilmazoglu [22] .
In most of the studies, the Hall term is neglected for small or moderate values of the magnetic field in applying Ohm's law in the analysis. When a strong magnetic field is applied, the influence of electromagnetic force is noticeable as stated by Cramer and Pai [8] . Therefore, the Hall current is important and it has a marked effect on the magnitude and direction of the current density and consequently on the magnetic force term.
In this work, following the above approach, steady hydromagnetic flow of viscous, incompressible fluid over rotating infinite disk is examined with the radial electric field taking Hall effect into consideration. An external uniform magnetic field is imposed on the normal direction. The radial electric field is produced by electric potential. In the rotating infinite disk, the magnetic Reynolds number is assumed to be very small. Navier-Stokes equations and energy equation are solved by using Chebyshev collocation method. The effects of Hall parameters, magnetic field and electric field are analyzed.
Basic Equations
Let us consider the three-dimensional steady viscous incompressible conducting fluid over infinite rotating disk. The disk is assumed to be rotating about z-axis with a constant angular velocity Ω in the cylindrical coordinates (r, θ, z). An external uniform magnetic field is applied in the z-direction and has a constant magnetic flux density B0. The magnetic Reynolds number is assumed to be very small, therefore, the effect on the imposed magnetic field is negligible. The disk is taken electrically conducting with e = (er, e θ , ez) denoting the electric field, in which e θ = 0 due to axisymmetric flow assumption, by the work of Kármán [13] . Moreover, the effect of uniform electric field on the disk flow is produced by electrical potential is given by er = −B0Ωγr [10] . In magnetic field, the electric current can be written by Ohm's law j = σ(e + v × B − β(j × B)) where j = (jr, j θ , jz) is the current density vector, σ is the electrical conductivity, and the last term defines the Hall effect as β is the Hall factor. The disk flow motion is governed by Maxvell's equation, continuity equation, the Navier-Stokes equations including the Lorentz force as follows (2.1) ∇ · j = 0,
Lorentz force terms Mn(j × B)i represents the existence of magnetic field in the fluid motion equations. The presence of the force, originating from magnetic field, on the flow of conducting fluids can alter the velocity and pressure characteristics of the flow.
In general Maxwell's equation is defined by
In the case of time-independent flow, the equation(2.4) is turned into the equation below,
Therefore, there is a conservative electric field which arises by electric potential Φ, arriving to e = −∇Φ.
Several parameters appearing in equations (2.1-2.3) are defined as follows, ρ is the density, v = (u, v, w) is the velocity vector, ∇ is the usual gradient operator in cylindrical coordinates, p is the pressure, Re is the Reynolds number characterizing the flow defined by Re = Ω ν , ν is the kinematic viscosity of the fluid. Finally Mn is the magnetic interaction parameter, which represents the ratio between the magnetic force and the fluid inertia force. In component form of Maxvell's equation, continuity equation and momentum equations with Lorentz force can be written as (2.5) ∂jr ∂r + ∂jz ∂z + jr r = 0,
where m = σβB0 is the Hall parameter. The Hall parameter can take any value. In case of positive values of m, B0 is upwards and the electrons of the conducting fluid gyrate in the same sense as the rotating disk. On the other hand, when m takes negative values, B0 is downwards and the electrons gyrate in an opposite sense to the disk.
In equations(2.7-2.8), Lorentz force terms are j × B = B0(j θ , −jr, 0), and the components of current density vector are easily derived by Ohm's law as
Because of imposing radial electric field in velocity at infinity, the tangential direction velocity is given by v = Ωγr. Furthermore, existence of potential flow due to radial electric field at the edge of the boundary layer implies that pressure gradient in the radial direction is ∂p ∂r = ρΩ 2 γ 2 r (see Evans [10] ). When these are taken into consideration, boundary conditions become
where C is the wall conduction ratio of the electrical conductance of the wall to electrical conductivity of the fluid.
The basic flow of incompressible case, which is also called as Von Kármán's steady state flow is well known. The Von Kármán's [13] flow will be considered here, which means that the disk flow is assumed to evolve alongside the boundary layer coordinate η = Re 1/2 z, in conformity with the self similarity variables (see Hossain,Hossain& Wilson [11] )
These quantities substitute into the governing equations (2.5-2.9), and also neglect terms of O(Re −1 ), the disk flow quantities are determined from the subsequent equations and boundary conditions(2.10) as (2.12) 2Jr + J z = 0, (2.13) 2F + H = 0,
a prime denotes derivative with respect to η. The initial and boundary conditions (3.3) show the no-slip boundary conditions of governing equations at the surface of disk and a far field disk flow, respectively.
Analysis of the Heat Transfer
Due to the difference in the temperature between the surface of the disk and the ambient fluid, heat transfer takes place. The energy equation, with viscous dissipation and Joule heating depending on the Hall effect, takes the form
where T is the temperature of the fluid, P r = µcp k is the Prandtl number cp is the specific heat capacity, µ is the dynamical viscosity and k is thermal conductivity of the fluid. Moreover, Γ is the ratio of the specific heats, M∞ is the free stream Mach number. Finally, the last two terms in the right-hand-side of Eq.
the viscous dissipation and
Joule heating terms respectively.
Using the Von Kármán [13] assumptions, similarities of (2.11) and also neglecting terms
, and the initial and boundary conditions for the energy equation are
recalling that a prime indicates derivative in term of η. In the last two equations, Tw is the temperature at the surface of the disk, T∞ is the temperature of the ambient fluid at a large distance from the disk. Introducing the non-dimensional variable θ = T −T∞ Tw −T∞ , the equation(3.2), the initial and boundary conditions(3.3) take the forms
Tw −T∞ is the Eckert number. The heat transfer from the disk surface to the fluid is computed by the application of the Fourier's law, and using transformation for heat term we have
dη , by rephrasing the heat transfer result in terms of the Nusselt number, defined as
Therefore the second part of the equation (3.6) turns into
The action of viscosity in the fluid adjacent to the disk tends to set up tangential shear stress, which opposes the rotation of the disk. There is also a surface shear stress in the radial direction. Consequently, it is necessary to provide a torque at the shaft to maintain a steady rotation. Applying the Newtonian formula, the radial component τr and tangential component τ θ of the shear stress are respectively expressed by
Of physical interest is also the magnitude of the constant axial velocity at infinity, given by H(∞) and the resisting the turning moment (or torque) T0 on the disk of radius R
In this study, a matrix method called Chebyshev collocation method is presented for numerical solution of the equations (2.12-2.16) and (3. 3) under the initial and boundary conditions (2.17) and (3.4) respectively by a truncated Chebyshev series. Using the Chebyshev collocation points, this method transforms the differential-integral equations to a matrix equation which corresponds to a system of linear algebraic equations with unknown Chebyshev coefficients. Therefore, this allows us to use computer for solution of the equations. In addition, the Chebyshev collocation method can be used for differential and integral equations.
Results and Discussions
In this section, we numerically solved the system of differential equations (2.12-2.16) under the initial and boundary conditions (2.17). The energy equation (3. 3) relating to the initial and boundary conditions (3.4) was calculated using velocity profiles which were given in the previous case. The numerical results were obtained by utilizing Spectral Chebyshev collocation scheme. In many boundary layer problems different methods have been applied to solve the system of the equations. For example, Sahoo [17] , Attia [2] , Jasmine & Gajjar [12] and Turkyilmazoglu [22] , [25] reached their results using finite-difference method, a special technique, and also Chebyshev collocation method respectively.
In this work we use spectral Chebyshev collocation scheme based on the Chebsyhev polynomials. We briefly summarize the numerical scheme as follows: Nonlinear terms are linearized with the Newton linearization technique in the given equations. Using the Chebyshev collocation points, the linearized equations are transformed to a matrix equations with unknown Chebyshev coefficients and matrix system is solved by decomposition technique.
To verify the accuracy of the numerical scheme, as well as, to validate the code, we compared our results with the outcome of the studies by Sahoo [17] and Turkyilmazoglu [22] . For comparison purpose, the results of Sahoo [17] , and Turkyilmazoglu [22] are tabulated in Table 1 and Table 2 , which presents a clear evidence for accuracy of the numerical method. Moreover, Figure 1 , which demonstrates the velocity profiles of the generalized Von Kármán's flow for the boundary layer over the rotating disk, is given below. This figure has been included in many relevant studies, as well.
Equations (2.13-2.15) under the conditions (2.17) are solved to compute the various velocity profiles in relation with the several Magnetic interaction parameters, Hall parameters and the radial electric parameters, as depicted in Figures (2-7) . It is observed that if the radial electric parameter γ becomes larger than unity, the radial velocity profile decreases as the Hall parameter increases, if not, that is, the radial electric parameter γ gets less than unity a reverse effect takes place. It should be noted that, in both cases the size of the interval of η decreases as Hall parameter increases in Figures (2(a)-4(a) ). Similarly, the size of the interval of ν decreases while a Magnetic interaction parameter increases according to graphs (2(a)-5(a)). These figures delineate that the negative Hall parameter has prominent effect on the radial component of velocity. It is interesting to find out from Figures (2(a) -7(a)) that F reverses its sign for some values of η, which proves that radial reverse flow can occur near the surface. This interesting phenomenon is interpreted as follows: the decelerated fluid particles in the boundary layer do not, in all cases, remain the thin layer which adheres to the disk along the whole wetted length of the surface. In some cases the boundary layer increases its thickness considerably in the downstream direction and the flow in the boundary layer becomes reversed. This causes the decelerated fluid particles to be forced outwards (see Schlicting [18] ). Similar effect is observed in figures (2(a)-7(a)) and also in the paper by Turkyilmazoglu [22] for negative radial electric parameters. In graphs (2(b)-7(b)), there is no meaningful change in the tangential velocity profile when the Hall parameter or the magnetic interaction parameter increases or decreases. direction and also depending on negative electric parameters in the same direction. All of these relations can be fairly seen in Table (3-4 ). Temperature profiles, depending on the velocity components, are demonstrated in Figures(8-10) , which are evaluated by using the equations (3.4-3.5) for different Eckert The effect of the Hall parameter is emphasized in Figures (8-10 ). It can be fairly inferred from the figures that for increasing Hall parameters the size of the interval of η shrinks, then this seems to occur for increasing Eckert numbers, as well. The case can also be observed easily for large magnetic interaction parameters. Furthermore, whenever Hall parameter increases, it is more temperature profiles are likely to be present for negative radial electric parameters. Table(5) also confirms the case, that is, the number of the presence of the more temperature profiles increases for the negative radial electric parameters.
It is also apparent from graphs (8) and (10) that when the Eckert number increases temperature profile increases too. Finally, the impacts of magnetic interaction numbers is given for increasing magnetic interaction numbers. As illustrated in Figures (8-10) , the size of interval of η extends as magnetic interaction parameter increases.
Variations of the radial shear stress F (0), tangential shear stress G (0), the velocity in the radial direction H(∞) and coefficients of heat transfer −θ (0) have been tabulated for various radial electric parameter γ for the two different magnetic interaction numbers Mn = 1.0, Mn = 3.0, and Eckert numbers Ec = 0.0, Ec = 3.0 respectively in Tables (3) (4) (5) .
Because of increasing the Hall number m, the radial shear stress increases as the radial electric parameter gets less than unity. However, radial shear stress decreases when radial electric parameter gets larger than unity. It is apparent that reverse effect as a Magnetic interaction parameter is getting bigger. Table 5 . Heat transfer parameter −θ (0) is tabulated at some chosen Hall parameters, radial electric parameters for the two different Magnetic interaction numbers Mn = 1.0, Mn = 3.0, and Eckert numbers Ec = 0.0, Ec = 3.0 respectively, and fixed Prandtl number Pr = 1.0.
Impact of Hall numbers on tangential shear stress can be deduced from these tables. It can be seen that the tangential shear stress increases in the case of increasing or decreasing Hall parameters values. In the event of the radial electric parameter becomes less than unity, when the magnetic interaction parameter increases the tangential shear stress decreases. On the other hand, if the radial electric parameter gets larger than unity, the effect on the shear stress in tangential direction becomes reversed.
Conclusions
The velocity and temperature profiles governing the steady-incompressible boundary layer flow over a rotating disk have been obtained using self-consistent assumptions. The resulting equations have then been solved numerically by using Chebyshev collocation method, and then the behavior of the velocity and temperature profiles are displayed graphically.
The effects of Hall parameter, radial electric parameter, Eckert parameter and magnetic interaction parameter are tabulated. One of the main outcomes of the present study is defining the effect of the Hall parameters on temperature profiles. This has been observed throughout for varying magnetic interaction parameters and radial electric parameters. Although the positive values of Hall parameter reveal the more temperature profiles for negative radial electric parameters, negative Hall parameter reverses the effect.
In this paper the effect of Hall parameter on the rotating disk is studied. Following this, we believe that, it would be interesting to study the effect of the electric field and also Hall parameter on instability mechanisms over rotating disk. For similar works, we refer to Jasmine &Gajjar [12] and Turkyilmazoglu [25] 
